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The Individual’s Tax-Exempt Bond Portfolio 
Decision Under Income Uncertainty 

Amy v. Puelz 

In this article, an individual’s tax-exempt bond porrfolio decision is investigated. A model 
capturing the relationship between income uncertainty and optimal portfolio choice is defined 
when an individual decision-maker has the opportunity to hold higher yielding private-activity 
bonds. The findings in this article show that in most cases risk-averse individuals will maximize 
the expected utility of after-tax income by holding a large proportion of private-activity bonds 
in their portfolio even under income uncertainty and the risk of a minimum tax liability. Those 
individuals who would benefitfrom holding private-activity bonds in a tax-exempt portfolio are 
identified and the magnitude of the benefit is quantified, 

I. INTR~DuC~~N 

The Tax Reform Act of 1986 created two general classes of municipal investments, 
essential-purpose and nonessential-purpose or private-activity bonds. Essential- 
purpose bonds yield interest income that is exempt from any form of federal income 
tax. However, interest income on private-activity bonds issued after August 7, 1986 
is classified by the Internal Revenue Service as preference income and is exempt 
from federal income tax only if an individual is not subject to the alternative 
minimum tax.’ The alternative minimum tax (or minimum tax) is a flat tax rate 
applied to minimum taxable income which is the total of regular taxable income 
plus preference income and adjustments. An individual is subject to the minimum 
tax if the minimum tax liability exceeds the regular tax liability.* The probability of 
an individual being subject to minimum tax increased with 1990 tax reform when 
the minimum tax rate was increased from 21% to 24%. 

The separation of municipal bonds into two distinct classes alters individual 
decision-making regarding the tax-exempt portfolio because of the relatively high 
yields and the uncertain tax treatment of private-activity bonds. In this article, the 

Amy v. helz l Department of Management Information Sciences, Edwin L. Cox School of 
Business, Southern Methodist University, Dallas, Texas, 75275. 



60 FINANCIALSERVICESREVIEW,3(1) 1993 

tax-exempt portfolio decision under income uncertainty is examined given the 
expanded choice set that includes private-activity bonds. The tax-exempt bond 
literature has focused on both sides of the market. Supply-side research has dealt 
with the creation and issuance of municipal debt and includes such topics as 
structuring bond issues (Cohen & Hammer, 1966; Puelz & Lee, 1992); insurance 
and signalling (Kidwell, Sorensen, & Wachowicz, 1987; Hsueh & Liu, 1990; Puelz, 
1991); and underwriter bids (Bierwag, 1976; Braswell, Stunners, 1982; Nauss, 
1987). Demand-side research has dealt with topics such as market segmentation 
(Fischer, 1980; Kidwell & Koch, 1983); market inefficiencies (Speer, 1987; Kochin 
& Parks, 1988); risk premiums (McInish, 1980; Gehrlein & McInish, 1985); and 
the portfolio decision relative to tax-exempt bonds. It is this last topic that is 
addressed in this article. Several authors have written about the descriptive charac- 
teristics of private-activity bonds and the minimum tax (Petersen, 1987, 1988; 
Aalberts & Utley, 1988; Brown, 1988; Porterba, 1989; Bettner, 1990; Day, 1991). 
However, there has been no rigorous analysis of the portfolio decision given the 
new environment of post-1986 tax reform, although the portfolio decision has been 
addressed in the context of income certainty (Puelz & Puelz, 1991). This article 
provides a more general approach by examining individual decision-making under 
uncertain income and uncertain after-tax retums.3 

The institutional literature addressing the allocation of private-activity bonds 
to a portfolio suggests that an individual who is uncertain as to their tax status should 
reduce or eliminate their holdings of private-activity bonds to avoid triggering the 
minimum tax (Brown, 1988; Bettner, 1990; Hoffman, Smith, Willis, & Raabe, 
1991). The results in this article show, contrary to the conventional wisdom, that in 
many cases a risk-averse individual will maximize the expected utility of after-tax 
income by holding private-activity bonds in their portfolio even under income 
uncertainty and the risk of a minimum tax liability. Through a simulation procedure, 
those individuals who would benefit from holding private-activity bonds in a 
tax-exempt portfolio are identified and the magnitude of the benefit quantified. In 
the next section of the article the model of individual portfolio choice is developed. 
This is followed by a comparison of the utility maximizing portfolio allocation 
derived from the model presented in this article and the naive portfolio allocation 
of 100% to essential-purpose bonds for different individual and market charac- 
teristics. Finally, the relationship between income uncertainty and optimal portfolio 
allocation is explored for different income levels, bond yield differentials, and 
portfolio sizes. 

THEMODEL 

As a starting point consider the simple case of an individual with certain income 
who wants to select the bond portfolio that maximizes after-tax income. The 
decision considered is the proportion of investable wealth to allocate to private- 
activity bonds, with the remainder of investable wealth allocated to essential-pur- 
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pose bonds. To facilitate the comp~son, the bonds mature in one time period, are 
not sold short, and in all other aspects are identical except for their tax treatment 
and yields.4 The allocation in the certain income case is straight forward. An 
individual who is not subject to the minimum tax will allocate 100% to private-ac- 
tivity bonds because of their associated higher yields. An individual who is subject 
to the minimum tax because of preference income (other than private-activity bond 
income) or adjustments will allocate 100% to essential-purpose bonds.5 However, 
an individual whose preference income earned on private-activity bonds could 
trigger a minimum tax liability will allocate a proportion to private-activity bonds 
such that the minimum tax liability equals the regular tax liability.6 

Now consider a more general model that specifies an individu~s ~~e~~n 
after-tax income, 2, a fiction of ocean pre-tax income and uncertain tax 
liability, as 

where, 

IV= 
CY.= 

l-a= 

B= 
R, = 
Rp = 
T, = 

z{lv) = 

%m = 
%m = 

P’ 

uncertain regular taxable adjusted gross income (dollars), 
propo~ion of the tax-exempt portfolio allocated to p~vate-activity 
bonds, 
proportion of the tax-exempt portfolio allocated to essential-purpose 
bonds, 
wealth allocated to tax-exempt bond portfolio (dollars)7, 
yield on essential-purpose bonds, 
yield on private-activity bonds, 
alternative minimum tax rate, 
regular tax rate (a function of Es), 
regular taxable income exemption (a function of $J), 
alternative ~nimum taxable income exemption (a function of I$, 
proportion of income from preference items other that p~vate-activity 
bonds and minimum taxable income adjustments. 

The first term, fl+ (1 - a)BZ?, + aBRp -t PN, represents pre-tax income. The maxi- 
mand function is the tax liability. Within this maximand an individual pays the 
maximum of the regular tax liability, the left hand side, or the minimum tax liability, 
the right hand side. The exemption and the tax functions are described in Appendix 
A. 

The optimal allocation to private-activity bonds under income uncertainty is 
a function of the ~~ationship of the after-tax returns, and the individu~‘s Anacin 
characteristics and risk preferences. An expected utility m~imizing individu~ will 
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choose the proportion of the portfolio allocated to private-activity bonds, a, that 
satisfies the first-order condition Z[ flx]l/aa = 0. Since (1) is a non-differentiable, 
non-continuous function, simulation is employed to derive the optimal expected 
utility maximizing allocation to private-activity bonds, a’. 

COMPARATIVE ANALYSIS 

In this section, the model derived in the previous section is simulated to derive 
optimal utility maximizing portfolios containing private-activity bonds and essen- 
tial-purpose bonds. Model parameters are varied over reasonable ranges and the 
optimal portfolio strategies are compared to naive strategies of portfolios containing 
only essential-purpose bonds. After-tax income for this comparative analysis is 
calculated under the assumption of joint-filing status by a married couple. House- 
hold income, for which one individual acts as decision-maker, is assumed to follow 
a Pareto distribution (Quandt, 1966). Income uncertainty is measured by the 
dispersion factor (DF). Income certainty corresponds to a DF of one and higher 
income uncertainty corresponds to higher values of DF.8 In addition, risk prefer- 
ences of the individual decision-maker are characterized by a function displaying 
decreasing absolute risk aversion, U{ X} = Log{ X}. Reasonable ranges for p and B 
were determined to be from 0.15 to 0.25 and from 0.5 to 1.5 respectively. These 
ranges are based on alternative minimum tax computations from sample income tax 
returns (Day, 1991, p. 22). The simulation steps are presented in detail in Appendix 

A. 
In Table 1 the portfolio decisions are listed when income uncertainty is 

relatively low (DF is 1.05). The first two columns of numbers under each income 
category indicate the expected utility maximizing percentage of the portfolio 
allocated to private-activity bonds. The next two columns of numbers in each 
income category are the estimated mean difference between the after-tax income 
when the combined utility maximizing portfolio is selected (I,) and when the pure 
essential-purpose portfolio is selected (I,). The numbers not in parenthesis are those 
derived when the spread between private-activity and essential-purpose bonds is 20 
basis points and those numbers in parenthesis are for when the spread is 70 basis 
points.’ In all cases where the estimated mean is reported, the paired t-test of the 
alternative hypothesis Ha: Z, - Z, > 0 was significant at the 0.001 level. 

In almost all cases, except when p and B are both relatively high, individuals 
with household median income of $150,000 allocate close to 100% to private- 
activity bonds. This is because the risk of minimum tax is low and therefore there 
is a high likelihood of realizing the additional return on private-activity bonds. As 
median income increases, the allocation to private-activity bonds falls rapidly with 
increasing levels of p and B because of the higher probability of a minimum tax 
liability. However, when p is 20% or less, the utility maximizing portfolio contains 
a portion of private-activity bonds. In addition, private-activity bonds are only 
eliminated from the utility maximizing portfolio for median incomes and p levels 
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above $2~,~ and 25% respectively. Comp~ng the decision when the spread 
between p~vate-activity and essential-pu~ose bonds is 20 basis points to the 
decision when the spread is 70 basis points there is relatively little change in d 
across all income levels. Individuals with household median incomes of $150,000 
and 25% of income from preference items slightly increase their holding of private- 
activity bonds as the yield spread increases because they can capture the additional 
return without significantly increasing their risk of a minimum tax liability. In 
contrast, individuals with a greater risk of a minimum tax liability do not shift to 
private-activity bonds as the yield spread increases. 

The next set of comparisons is identical to those presented in Table 1, except 
the unce~ainty associated with income, DF, is increased to 1.35 from 1.05. The 
results are presented in Table 2. In all cases where estimated means are reported, 
the paired t-test of the alternative hypothesis El,: 1, - 1, > 0 is significant at the 0.001 
level. 

The effect of greater uncertainty is consistent among all individuals in that 
private-activity bond holdings are more rapidly eliminated from the portfolio with 
increasing probability of minimum tax (i.e., increasing p and B). However, the only 
cases where individuals completely eliminate private-activity bonds from their 
portfolio are when p is 25% or more. Individuals with household median income of 
$150,000 continue to hold private-activity bonds even at high levels of p and B. 

In most instances, the optimal proportion of private-activity bonds held is 
greater when the yield spread between private-activi~ and essential-pu~ose bonds 
is 70 basis points as opposed to 20 basis points. The fact that in some cases the 
proportion of private-activity bonds held in the portfolio drops as the yield on these 
bonds increases is due to the fact that the higher yield results in a greater risk of 
minimum tax liability. Hence, the risk-averse investor may actually reduce their 
holding of private-activity as the yield increases if the additional risk is too high. 
The yield spread is a much more significant factor in the allocation decision when 
income uncertainty is high. 

In summary, this comparative analysis illustrates the relationship between the 
individual’s vulnerability to the minimum tax, household income uncertainty and 
the market yields on private-activity bonds relative to essenti~-pu~ose bonds. 
Those individuals with household median incomes below $150,~ and those with 
low levels of preference income (other than private-activity bond income) and/or a 
small tax-exempt portfolios, should hold a large proportion if not all of their 
tax-exempt portfolio in private-activity bonds. In addition, the greater the uncer- 
tainty of income the greater the impact of market yield spreads on the allocation 
decision. 

PRXVATE-ACTIVWY BOND ALLOCATION 

In this section the effect of ~ce~ainty on the optimal allocation to private ~tivity 
bonds is presented. As in the previous section, after-tax income is calculated under 
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the assumptions of joint filing status by a married couple and income following a 

Pareto distribution. Risk preferences of the individual decision-maker are again 
characterized by decreasing absolute risk aversion. The allocation decision is 

presented for different median income levels, different bond yield spreads, and 
different tax-exempt portfolio sizes. 

Optimal Private-activity Bond Allocation Relative to Income 

The first set of simulation results compares the optimal expected utility 

maximizing portfolio for different median income levels. Tax-exempt portfolio size 
(B) is assumed to be 100% of median income and proportion of income from 
preference items other than private-activity bond income plus adjustments (p) is 

20%. The private-activity bond yield for the comparison is set at 6.93% or 20 

basis points greater than the essential-purpose yield of 6.73.” Median income is 

varied from $150,000 to $400,000. The optimal allocations (a*) are presented in 

Figure 1. 
First consider the optimal portfolio for each individual under household 

income certainty (OF = 1). An individual with household income of $150,000 will 
not be subject to the minimum tax regardless of the allocation to private-activity 

bonds and will therefore allocate 100% of the portfolio to private-activity bonds. 

Individuals with household incomes of $200,000 and $300,000 will allocate a 
portion of the portfolio to private-activity bonds such that the regular tax liability 

equals the minimum tax liability. The individual with household income of 

$300,000 as compared to the individual with household income of $200,000 has a 
higher effective regular tax rate but also has a significantly higher effective mini- 

mum tax rate and therefore allocates a smaller portion (27% as opposed to 57% for 
incomes of $200,000) of the portfolio to private-activity bonds. The higher effective 
minimum tax rate is due to the minimum taxable income exemption phaseout that 

occurs for high income households. For example, a married couple filing a joint 
return will have a $40,000 minimum taxable income exemption that is phased out 

at a rate of 25% for every dollar minimum taxable income exceeds $150,000. The 
$40,000 exemption is phased out completely at an income of $310,000. The 

individual with household income of $400,000 as compared to the individual 

household income of $300,000 has a higher effective regular tax rate and 
virtually the same minimum tax rate and therefore allocates a larger portion of 
the portfolio (53% as opposed to 27% for the income of $300,000) to private-ac- 

tivity bonds. 
Now consider the change in ct* relative to income uncertainty. Individuals with 

household median income of $150,000 have a very low probability of being subject 
to the minimum tax and therefore hold 100% private-activity bonds until DF is 

greater than 1.16. As DF increases above 1.16 the risk of a minimum tax becomes 
significant enough to induce the individual to reduce their holding of private-activity 

bonds. 
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Figure 1. The optimal allocation to ovate-activi~ bonds (a*) relative to the dispersion factor of 
income (D8’) for different median incomes. 
Note: Income follows a Pareto distribution and after-tax income is calculated assuming a joint filing 
status for a married couple. The risk preferences of the individual decision-maker are characterized 
by decreasing absolute risk aversion. Investable wealth (B) is 100% of median income, The proportion 
of income from preference items (other that private-activity bond income) and adjustments (p) totals 
20%. The bonds mature in one time period, are not sold short, and are in all other aspects identical 
except for their tax treatment and yields. The yield of the private-activity bond and the essential-pur- 
pose bond are 6.93% and 6.73% respectively. 

Individu~s with hou~hold medii incomes of $2~,~ will experience a 
higher effective ~irn~ tax rate under higher levels of ~~~~nty because of the 
minimum taxable income exemption phaseout that occurs in this example be- 
tween $150,000 and $310,000. Therefore the optimal holding of private-activity 
bonds (a*) decreases with increasing uncertainty (OF’). The optimal allocation 
to private-activity bonds relative to uncertainty levels off at high levels of 
uncertainty because the probability of income falling above the upper limit of 
the phaseout range increases and the effective minimum tax rate is constant in 
income above this upper limit. Individuals with household median income levels 
of both $3~,~ and $4~,~ will slightly reduce a* as DF increases because 
at these income levels the effective minimum tax rate is virtually constant in 
income. 
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Figure 2. The optimal allocation to private-activity bonds (a*) relative to the dispersion factor of 
income (OF) for different private-activity bond yields. 
Note: Income follows a Pareto distribution and after-tax income is calculated assuming a joint filing 
status for a married couple. Median income is $200,000. The risk preferences of the individual 
decision-maker are characterized by decreasing absolute risk aversion. Investable wealth (B) is 100% 
of median income. The proportion of income from preference items (other that private-activity bond 
income) and adjustments @) totals 20%. The bonds mature in one time period, are not sold short, and 
are in all other aspects identical except for their tax treatment and yields. The yield of the essential- 
purpose bond is 6.73%. 

To summarize the results presented in Figure 1, individuals with household 
median income levels below $150,000 will typically maximize expected utility by 
holding 100% private-activity bonds. However, if income is highly variable (in this 
example a DF of 1.16 for a median income of $150,000) optimal private-activity 
bond holdings will fall below 100%. Individuals with median incomes near the 
lower limit of the minimum taxable income exemption phaseout range will reduce 
private-activity bond holding at a faster rate with income uncertainty than individu- 
als with incomes near or above the upper limit minimum taxable income exemption 
phaseout range. 
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This example illustrates, as one might expect, that the portfolio decision is 
greatly influenced by the median income level. It is interesting to note that only 
individuals with relatively high income levels combined with high levels of income 
uncertainty will hold less that one-half of their tax-exempt portfolio in private- 
activity bonds. Hence, private-activity bonds should not be arbitrarily eliminated 
from the tax-exempt portfolio if the individual is at risk of being subject to the 
minimum tax. 

Optimal Private-activity Allocation Relative to Bond Yields 

The relationship between p~vate-activi~ bond yields and essential-purpose 
bond yields is de~ndent on the characteristics of the bonds being compared. For 
purposes of illustrating the effect of the yield differential on the portfolio allocation 
decision the essential-purpose bond portfolio yield is held constant at 6.73% and 
the private-activity bond portfolio yield is varied from a low level to a high level. 
The assumptions from the previous example hold except private-activity bond yield 
is varied from 6.83% to 7.43%, and median household income is $200,000. The 
simulation results are presented in Figure 2. 

When the private-activity yield is relatively low at 6.83%, a* is 58% under 
income certainty (DF = 1). As the yield on private-activity bonds increases the 
individual under household income certainty holds a smaller proportion of private- 
activity bonds in the portfolio. Al~ough this may seem~ounter-intuitive, d is lower 
for higher yields under certainty in order for the portfolio to satisfy the after-tax 
maximizing condition that the regular tax liability equals the minimum tax liability. 
However, &x*LDF is lower for lower private-activity yields. This means a* falls at 
a more rapid rate with increasing uncertainty the lower the yield on private-activity 
bonds. When the yield on private-activity bonds is high relative to essential-purpose 
bonds, in this example 7.43%, the proportion of private-activity bonds held in the 
portfolio changes very little with uncertainty. 

Optimal Private-activity Allocation Relative to the Percentage Allocated to 
Tax-exempt Bond Portfolio 

The final set of simulations examines the allocation decision relative to the 
size of the tax-exempt bond portfolio. The amount invested in the tax-exempt bond 
portfolio will influence the allocation decision in that the larger the portfolio, all 
else equal, the greater the probability the individual’s household will be subject to 
the minimum tax.” The assumptions made are those described in the first two 
examples except bond portfolio size, B, is varied from 50% to 150% of median 
income which is set at $200,000. The results are presented in Figure 3. 

As one would expect, the larger the size of the tax-exempt portfolio the smaller 
the allocation to private-activity bonds. However, &X*&W is lower for low levels 
of B. When B is 150% of median income, a* is almost constant in uncertainty. 
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Figure 3. The optimal allocation to private-activity bonds (a*) relative to the dispersion factor of 
income (OF) for different allocations to the tax-exempt bond portfolio size. 
Note: Income follows a Pareto distribution and after-tax income is calculated assuming a joint tiling 
status for a married couple. Median income is $200,000. The risk preferences of the individual 
decision-maker are characterized by decreasing absolute risk aversion, The proportion of income from 
preference items (other that private-activity bond income) and adjustments (p) totals 20%. The bonds 
mature in one time period, are not sold short, and are in all other aspects identical except for their tax 
treatment and yields. The yield of the private-activity bond and the essential-purpose bond are 6.93% 
and 6.73% respectively. 

CONCLUSION 

In this article, the tax-exempt bond portfolio decision is explored when an individual 

has the option of purchasing private-activity bonds. It is shown that the introduction 

of private-activity bonds affects bond portfolio decision-making when an individ- 

ual’s household is subject to uncertain taxable income that may result in a minimum 

tax liability. The results in this article show that many individuals will maximize 

the expected utility of after-tax income by holding a large portion of private-activity 

bonds in their tax-exempt portfolio even when faced with the risk of a minimum tax 

liability. 

When applied in a portfolio planning framework, significantly greater after- 

tax income may be realized if private-activity bonds are included in the tax-exempt 

portfolio. Through simulation, the magnitude of the benefit derived from holding 
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p~vat~-activity bonds is quoting relative to indi~du~ household and market 
characteristics. Median income level, yield d~fe~nti~, and tax-exempt bond port- 
folio size are all shown to have a significant impact on the portfolio decision relative 
to income uncertainty. 

APPENDIX A 

Simulation Steps 

The simulation Steps 1 through 3 are repeated 10,000 times. The 01 that yields the 
greatest average utility is selected as the optimal CC*. 

STEPS: 
1. Income (N) is generated by approximating a Pareto distribution. This is 

accomplished by generating a lognormal random variable with a median 
(M) and dispersion factor (OF’) and setting all values less than the mode 
of the lognormal variable equal to the mode (Sachs, 1982. p. 111). 

2. After-tax income (X) for all CI = 0.0 to 1.0 (in steps of 0.01) is derived by 

X=N+(l -a)BR,+aBR,+pN 

where, 
E,(N) is $40,000 if N is less than $150,000 or the maximum of $0 or 
$40,000 minus 25% of the difference between the minimum taxable 
income and $150,000, 
E,(N) is $5300 reduced by 2% for each $2500 (or fraction of) that 
adjusted gross income exceeds $150,000, 
z{ .} follows the 1991 federal income tax schedule YI for a married 
couple filing a joint return. 

3. The utility of each after-tax income is set equal to 

U{X} = LOG(X). (A-2) 

NOTES 

1. Some private-activity bonds are qualified as tax-exempt under the tax code section 501(c)(3). 
2. For a detailed discussion of private-activity bonds the reader is referred to Brown (1988), 

Petersen (1988), Bettner (1990), or Day (1991). 
3. Piros (1987) provides a model of individual choice under uncertainty relative to taxable and 

tax-exempt bonds. Although this article focuses on essential-purpose and private-activity bonds, 
the analysis is similar in that uncertain income results in uncertain tax treatment. However, 
unlike the analysis by Piros, the mi~mum tax function is noncontinuous necessitating the use 
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of simulation. The security portfolio choice decision given various sources of uncertainty has 
been extensively addressed in the literature (i.e., Kwan & Yip (1987), Kwan (1988), Chamber- 
lain & Cheung (1990)). 

4. This simplifying comparison allows the focus of this article to be on how the allocation to 
private-activity bonds affects individual utility. It is not the purpose of this article to address 
allocation within private-activity bonds or, for that matter, within essential-purpose bonds. 
However, a simulation approach similar to this could be employed as a decision-making tool 
to address the time dependent portfolio allocation problem. 

5. The relationship of after-tax returns in an efficient market where individual income is certain 
is 

Rt, > Re > (1 - T,)R, 

Where R, is the yield on essential-purpose bonds, RP is the yield on private-activity bonds, and 
TQ is the minimum tax rate. Refer to Puelz and Puelz (1991) for a detailed discussion of the 
relationship of after-tax returns given income certainty. 

6. This optimality condition under certainty is illustrated in Puelz and Puelz (1991). 

7. It is assumed that the investor has made all other portfolio decisions, e.g., the stock portfolio, 
so the only investment under consideration is the net investable wealth in the tax-exempt 
portfolio. 

8. In the Pareto distribution the income range from median income divided by DF to median 
income multiplied by DF contains 68 percent of the income distribution. For example, if an 
individual’s median income and dispersion factor are $100,000 and 1.5 respectively then the 
probability of income falling between $66,667 and $150,000 is 0.68. 

9. The average private-activity and essential-purpose bond yields on insured bonds offered in the 
Blue List September 1, 1989 were 6.93% and 6.73% respectively. Private-activity bond yields 
have in the past been as much as 70 basis points higher than comparable essential-purpose bonds 
(Brown, 1988). 

10. See Note 9. 

11. These same basic results are found when p is varied. 
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