With apologies to the Chinese proverb,

| Teach and | Understand

William D. McKillip, University of Georgia

In mathematics we frequently hear it said "I didn't
really understand that until | taughtit." Consider
how strange thisis. Many very able students, who
later have become teachers themselves, recognize that
thereis alevel of understanding that is the "learning"
level of understanding and another, deeper, level of
understanding acquired while teaching. Why should
teaching lead to a deeper level of understanding?
What implications does that idea have for the waysin
which we help our students learn?

What isit that teachers do? To drastically over sim-
plify, teachers explain mathematics by showing and
telling. In addition to what teachers themselves do,
they also prescribe what students are to do. They
may have students participate in the process by using
some materials, asking or answering questions, dupli-
cating the teacher's drawings, or imitating the process
being explained. After the explanation students are
asked to do something that reviews the explanation or
uses the mathematics that was explained.

The word "explain" needs to be explained. Articles
by Henderson (1955) and Skemp (1978) provide a ba-
sisfor explaining explain. As both articles empha-
size, mathematics is more than a collection of state-
ments, useful as these dstatements may be.
Mathematics is a process of discovering and verifying
these statements. The statements are not simply true,
they were discovered and verified in mathematical
ways and participation in the discovery and verifica-
tion is just as important as learning the statements.
Certainly for ateacher learning the hows and whysis
absolutely essential!

One may explain something using a physical model
that embodies the mathematical ideato be explained.
Asin Figure 1, the corners are torn off a paper trian-
gle. When they are placed in an adjacent position
they form a straight angle.

One may show this to students or have students
tear their own triangles and tell the students what it
shows: That whatever triangle you have the angles
add up to a straight angle. Students also might use
protractors to measure the angles and add the meas-
ures. These explanations are inductive as well as
physical since the conclusion is drawn from many
instances. In either case, showing that this works for
only one triangle would not be very convincing. For
one triangle the result might be a coincidence.
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One may explain something by deduction. It is not
necessary to have the entire structure of Euclidean ge-
ometry to have an informal deduction. If a student
knows that when parallel lines are crossed by another
line (a"transversal," you will remember) many pairs
of equal angles are formed, the student can see that
the angles of atriangle must add up to a straight angle
asshownin Figure 2.

Figure2

Anitem of knowledge can be explained by disclos-
ing the source of the knowledge and having students
retrace the path of that discovery. For example,
rather than tell studentsthat p = C/d » 3.14 » 22/7
you may have students measure circumference and
diameter of a number of circles, make a table, and
look for the relationship in the table. Looking at this
relationship is probably much like the way the value
of p was discovered originaly.
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One may explain something by "showing how."
Thisiswhat Skemp would call instrumental under-
standing. There are many examples in mathematics
in which the teacher shows how something is done.
The process of long division, the procedure for bisect-
ing an angle, and the way to plot points on a Cartesian
coordinate system are examples of processes. Usual-
ly, behind a process there is arational e that can be,
and sometimes is, explained. Students are expected
to learn and remember "how" and to do the process
when it is appropriate.

When ateacher is explaining mathematics, the ex-
planation is most meaningful to and best understood
by the teacher. The degree of understanding among
the students is variable but in all cases the students
understand the material less well than the teacher. (I
can think of exceptions to that rule, but only in unusu-
al cases.) Some teachers believe that as they are ex-
plaining the students are receiving the explanation
with the same degree of understanding as the teacher.
This is never so. The explanation belongs to the
teacher; the teacher has gone through the steps in
teaching, deciding what to show and what to tell. The
teacher has chosen words that communicate meaning
to himself or herself. In going through these steps the
teacher has personalized the knowledge, making it his
or her own!

We want students to personalize their knowledge
and make it their own. That iswhy we believe so
strongly inthe "l Do and | Understand” proverb. We
made our knowledge more deeply our own as we
tried to find ways to communicate it to our students. |
suggest that it is the same with our students; to under-
stand more deeply the mathematics we are teaching,
students must struggle to find ways to communicate
the mathematics to themselves or to others. One
might say that they should plan what they would say
and do, what they would show and tell, if they were
to explain the mathematics to someone else. This
might be accomplished in several ways:. class presen-
tations, peer tutoring, and writing assignments are
currently popular. Another effective learning proce-
dure, one that does not require group work, isto fol-
low the teaching plan, mentally and on paper teaching
the topic to yourself. What should students do to ef-
fectively plan the development of a mathematical
idea? Let uslook at the statement about the sum of
the angles of atriangle as derived by tearing the an-
glesasin Figurel. There aretwo partsto this expla-
nation, what is done physically to the angles and what
issaid to form the conclusion. The student should do
both parts, making a triangle, tearing off the angles
and forming them into a straight angle, and explain-
ing what was done and what it means. If students
work in pairs the students may explain it to each other
inturn. If writing is used as a mathematics learning
tool, the student may write the explanation accompa-
nied by adiagram. Inasimilar way students should
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perform and rehearse the explanation of the deductive
development.

One way to stimulate students to rehearse explana-
tions of a mathematical ideaisto call for students to
explain mathematics. "How do you know" questions
call for explanations. "How do you know that the di-
agonals of arhombus are perpendicular?’, "How do
you know the formula for the area of a trapezoid
A = 12 h(b, + b,)?", "Why do you invert the divisor
when you divide fractions?' Asking students to ex-
plain to the class will also produce explanations:
"Show us why the product of two negative numbersis
positive” In practice it is difficult (impossible) to
have every student respond to such questionsin class
discussion. Some teachers use small group work with
assignments such as this: "Discuss and agree on ways
you could show that the diagonals of arectangle are
equal. Write the explanation and use diagrams.”

Of coursg, it's not the point of this note to give an-
swers to those questions. Our students should be able
to give those answers. Why else do we bother to "ex-
plain” at all? Let me rephrase that: In our teaching
and in our textbooks we spend a great deal of time
and effort in presenting "explanations.” It seemswe
do this because we want students to understand. How
do we know whether or not a student does under-
stand? One way to find out whether they understand
isto ask them to explain the mathematical idea them-
selves, to another student, to you, or in writing. To
return to the original point of this note, we would like
to bring our students to the deeper "1 Teach” level of
understanding and to do this we need to put them in
the position of selecting and organizing the words and
pictures and materials that communicate mathemati-
cal ideas.
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Quotations

One must learn by doing the thing; for though you
think you know it, you have no certainty until you try.
Sophocles

What we know is not much.
What we do not know isimmense.
Pierre-Smon de Laplace



