On Factoring 2+ 1
Peter Hilton and Jean Pedersen

The cover of the October, 1990 issue of the excellanherea , bare odda <%, andb=a + 2a,, ,i=1,2,...,
South African student journalathematical Digest r (a ,,=a). We have shown (Hilton & Pedersen, 1985,
founded and edited by our good friend John Webb, showk387a) that such a symbol always exists for a givamd
the factorization of the ninth Fermat numb%r,:FZ29 +1. a=a, anditis plainly uniquely determined byanda if
In particular, it showed that the smallest prime factor of fve insist that the, are all distinct. In the same articles we
is 2,424,833. John Webb stated that the factorization of tteve proved the following theorem.
ninth Fermat number took six weeks of computation on
1,000 linked computers. The Binary Quasi-order Theorent If the symbol

We thought it might be of interest to show how the fact (*) is reduced (i.e., gcti( a,) = 1) and contracted
that 2,424,833 is a factor of éould beverifiedin just over (i.e., the symbol involves no repeatey then the
an hour and a half using a hand calculat@ve first need
to describe our notion ofsymbo] and state ouBinary
Quasi-order Theoreroncerning the symbol. After that o = (-1) modb.
we will show how executing the algorithm which produces
the symbol and using the theorem can provide a verifica- The theorem has the consequencehisia factor of
tion that 641 is a factor of5|§ 2°+ 1. The reader shouldzk_ (-1). Notice, however, that watartwith the factob
then have no difficulty duplicating the process to verify,q find the smalle& such thab is a factor of 9+ 1 (of
factorizations of other F(where at least one factor is,g,rse determining whether we should take +1 or —1).
known). The implications are obvious—if it is suspectefhjs is not at all the procedure taught in the traditional
that a certain number, shyis a factor of Fthen there is gy,qy of factorization, which s typically approached merely
an easy way to check the suspect. The difficulties are alsoy arithmetical exercise. Notice, too, that wekead
obvious—there are lots of suspects and very few culpritgl¢s the symbol (*), but thdt and the parity (odd or even)
Nevertheless, it may be satisfying to be able to “checkj depend only ob, although the symbol dependston
such apparently inaccessible facts as those stated ingiffa  This independence afis so remarkable a feature
opening paragraph by (i) using only relatively small nungs o theorem that we feel we should illustrate it with an
bers (no number occurring in our algorithm is larger th%@(ample.
the numbeb in the symbol below, so that verifying that Example T We have the following reduced and
2,424,833 is a factor of 2+ 1 involves no number biggercontracted symbols (we will explain the construction of

than 2,424,833), and (ii) using only simple arithmetig ., a symbol, in some detail, below):
(which may be carried out on a hand calculator). Let us

quasi-ordetof 2 modb isk = i ki and, in fact,
i=1

proceed. _ o 1 5 9
The symbol we will construct is this: 41
8 & - - : g 3 2 5
*)
kK : . : K and

3 19 11 15 13 7 1
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from the symbol, as the following theorem shows (see 1 5 159

Hilton & Pedersen, 1987a, 1987b). 641
7 2
The Complementary Factor Theorem If the
symbol (*) is reduced and contracted, ta&w+ Ab, The algorithm is continued until tfees begin to repeat;
whereB = 2 - (-1 and thus, in this example, we stop when the quotient, after
A= 2k - 20k ka4 ke ke ko repeated division by 2, is 1. The reader may wish to carry
ot (-1)249 - (-1). out the algorithm until this happens to verify that the
In particular, 2- (1) = bc, wherec =%,, which is completed symbol will be
an integer.
1 5 159 241 25 77 141 125 129
Let us return to our example. 641
Example 1(revisited): The first symbol has= 1 and 7 2 1 4 3 2 2 2 9
A=2-2+1=25 sothat=25. The second symbol has **)

a=3andA=2-2+2'-2+2-2+1=75, sothat, again,
c=25. Thus, either symbol tells us th&tR1 = 41x 25. 9
Notice that this factorization (like all of the factorizaFrom (**) we see tha_tzl k =7+2+1+4+3+2+2

tions in this article) is established without ever expressing2 +9 = 32 and that= 9, which is odd. Hence, by the

2"+ 1 in base 10. Indeed, our arithmetic involves only. . .
dividing numbers less than or equal to 40 by 2, taki %irr]lary Quasi-Order Theorem, we conclude that 32 is the

powers of 2 up to at most @ctually, only up to 2n this ;Sh ?”?S} potsg\;e 'Tegdfjrsgzr tr_:_?]t = z 41]]?203 fﬁlzlasafd
case), and simple addition and subtraction. at,Infact, 2 =-1mo - 1Nus, -

We now go into greater detail on how to use OL]'I‘ and so, as promised, we have shown that 641 is a factor

theorems, especially in connection with factorizations 8¥ 5, :
Fermat numbers. Suppose we want to find the quasi-orderlt is natural to ask what would have happened if we had

of 2 mod 641. In other words, we wish to find the smalle%l?r;[fd %;S{rgxl \\’,vahvcjgﬁﬁf :]Zigtgizziﬂgblﬁlgug?is

positive integek such that 2=+ 1 mod 641. We begin by, i :
constructing a symbol (*) witb = 641, choosing,= 1. information as above, but could we ever obtain a shprter
Begin by writing symbol? Toillustrate part of the answer, observe that if we
had started our symbol with any of the numbers in the top
row of (**), saya, = 5, we would have obtained essentially
the same symbol with the position of the entries permuted

cyclically, as shown in (***) below.

1
641

Then calculate as follows (using a hand calculatoré%r1 5 159 241 25 77 141 125 129 |1

convenient, but not necessary): 641 -1 = =320,

2y = 160,19, = 80,%, = 40,%%, = 20,29, = 10,13?25 (and 2 14 3 2 2 29 (7)

STOP, because 5is odd). These calculations show that

641 =1+ Z(5), and henck = 7 anda,= 5. Now record ¢ cqyrse, the information contained in (**) and (***) is

k,=7 (the number of times we divided by 2) directly belowy 4¢tly the same. However, if we had started with3,

a,=1,andrecord,=5 (the last quotient) to the immediatgnen the symbol would have been very different and, as the

right ofa, = 1. The symbol is then extended to reader may verify, would actually have contained 15
entries. If we regard (**) and (***) as the same symbol

1 5 (think of the numbers to the right of 641 as written around
641 : a cylinder), then, as a matter of fact, ior 641 there are
7 just 10 different contracted symbols, each with an odd

number of entries varying in length between 9 and 23. But
Next, repeat the algorithm by calculating as follows: in each case the sum of the entries of the bottom row is 32.
641 -5=6365°%,=318%,= 159 (stop here because 159 The reader may now check his or her understanding of
is odd). These calculations show that 641 = 5#58), how to construct a symbol by actually constructing the
and hencé,= 2 anda,= 159. Now recordt,= 2 directly symbols presented in Example 1. Next, the more ambi-
belowa,= 5 anda,= 159 to the immediate right ef= 5, tious reader may wish to construct a symbol and use our
so that the symbol grows to theorem to show that 274,177 is a factor gfdF that
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2,424,833 is a factor of F The symbol witth = 274,177 Again, with b=9 we findk=3 and 2=-1 mod 9; but
that begins witte, = 1 has 19 entries, and we have n@ =1 mod 9, and2 -1 mod 9.
found any symbol witlh = 274,177 having fewer entries. However, in the case of the Fermat numnbers, it is
Further, withb = 2,424,833, the symbol beginniag= 1 natural not to stress the minimality &f For if Z=-1
has 237 entries, but the symbol beginning &jth 65,537 modb, then 2 must be minimal! This follows from the
has only 213 entries. We do not know whether or not thleservations (i) that &ny power 2is congruentto -1 mod
symbols we have found verifying the factors pbRd F; b, then the minimal power of 2 congruenttbmodb is,
are the shortest possible or not. Can any reader do betitefact, congruent to —1 mdat and (ii) if the minimal
(Notice that 65,537 = F) power of 2 congruent to —1 mads 2 thenany power 2
We now show how our second theorem enables ustimgruent to —1 mol has| =st, with t odd Thus if
obtain the complementary factor for our factorization.of R™ =—1 modb and the quasi-order of 2 mbdss, then
using the symbol (**). We repeat the calculation with th&' = st,with t odd. But this forces=1 and 2=s, so 2 is

symbol (***) to give the reader experience. itself the quasi-order of 2 mdd
Readers may be intrigued to know that our algorithm
Example 2-referring to (**) arose in designing a systematic way to fold straight strips
A=22-2Pr4 0 M M0 P 0"+ P=6,700,417, of paperinto regular convex and star polygons. For details
where see Hilton and Pedersen, 1987a and 1988. Ambitious
23=32-9 readers eager to know more about the relation of Fermat
21=32-9-2 numbers and symbols might like to consult Hilton and
19=32-9-2-2 Pedersen, in press.

Thoughts on Mathematics Education

b =32-9-2-2-2-3-4-1-2-7 What implications might our article have for the teach-
ing of mathematics? First and foremost, it shows that a

(Hint: Derive these exponents from the numbers in théle mathematical thought can avoid a huge amount of
bottom row of (**) read backwards.) Thus £ 641 X machine time. Thus the availability of machines certainly
6,700,417. (Notice that the calculation is, to some exte#®€s not render the mathematical analysis of a problem
self-checking, as the last exponent in the expression foHAnecessary—on the contrary, it stimulates it. The proper

must be 0.) mathematical use of machines is not to crunch numbers but
to conduct mathematical experiments, on the basis of
Example 3-referring to(***) which hypotheses may be formulated and theorems proved.
A=2B5_o ol_H2 0 o 8 2, »_ We would also like to think that our article shows that
33,502,085, where mathematics can be fun and can contain the element of
25=32.7 surprise. We are glad to be able to report that elementary
16=32-7-9 students who had thought themselves to possess no math-
14=32-7-9-2 ematical talent whatsoever have derived great pleasure,

even excitement, from calculating quasi-orders by our
algorithm, and then verifying the resulting factorizations
on their calculators.

0=32-7-9-2-2-2-3-4-1-2
Notes

(Hint: Look at the numbers in the bottom row of (***).) | _

Sincea=5in (***), we find that the complementary factor ~When the numbers were large, or we were tired, we

53250208 = 6,700,417. Thus, again, 641x 6,700,417 used a Casio fx-7000 graphics calculator to carry out the
5 ' ’ . 1 ) ' ’ " . .

We close with one final point about the Binary Quasfomputations. We found that scro!llng the screen was an
Order Theorem. We have stressed that it gives us a meih@ntage because we could easily see the previous en-
kand a parity such that 2= (=1) modb. However, as we pencil and paper, the necessary calculation could be done
have also said, it does more becausé thie obtain from in less than three hours.
our algorithm is thesmallestpositive integer such that
2<=+1 modb. For example, with = 7 we findk = 3 and Here we understand thguasi-order of 2 modb,
2= 1 mod 7; but of course it is also true thi2 mod 7. Where b is odd, to be the smallest integsuch that
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2<=+1 modb. Of course, there is a correspondingilton, P., & Pedersen, J. (1987a). Geometry in practice and numbers
definition for the quasi-order dfmodb, wheret is an in theory Monographs in Undergraduate Mathemafit8 Greens-

. . . . boro, NC: Department of Mathematics, Guilford College.
integer relatively prime td. Our algorithm may be

generalized also (see Hilton & Pedersen, 1986, 1987a)fign, p., & Pedersen, J. (1987h). On the complementary factor in a

give a Quasi-order Theorem for a geneeaP. new congruence algorithnmternational Journal of Mathematics
and Mathematical Scienced)(1), 113-123.
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Editorial (continued from p. 2)

in teaching must be presented, but documentation is diffot come together just in the months before it is submitted
cult and it is nearly impossible to make the case fbut rather it is accumulated and assessed from the start of
promotion based primarily on excellence in teachingne’s appointment. If the items of evidence for a dossier
Further, at many places, scholarly productivity in teachirrge prepared and accumulated continuously, a lot of the
means writing articles about teaching for refereed journnecessary pressure of the promotion year can be allevi-
nals. Materials (e.g. articles, books, computer prograrased. Some institutions will have mentors or administra-
videos, multimedia) provide the tangible record. tors who facilitate and assist in this long-term preparation.
Third, there is a continuous problem of communicatinfgsuch assistance is not provided, a young faculty member
the nature of scholarly productivity in mathematics educda-well advised to informally seek out mentors.
tion to our peers who are notin mathematics education (butAnother advantage of long term planning is that it
who serve on review committees). This is as muchpeovides a framework for deciding whether assignments
problem whether our peers are generalists in educatiangd activities might add to the evidence in support of
specialists in some other area of education, or in sopremotion. One might still decide to follow an activity of
other field. Itis particularly a problem when our peers airgerest for some other reason, but at least the decision is
in mathematics since many mathematics educators arade within a framework.
housed in mathematics departments and judged by col-Generally, the promotion and tenure process serves the
leagues who are not always supportive of work in mathriversity and its faculty well. It continues to be driven by
ematics education. faculty input and it facilitates one’s career development. It
Sadly, the promotion and tenure review process canibeur “quality control” mechanism and despite anxiety for
difficult and impersonal while it is intended to be impameeting the requirements and procedures, most of us
tial. It often takes most of a year to run its course, th@uld not want it any other way.
committees are usually anonymous, and candidates sel-
dom have any opportunity for input into the process other
than by formal written procedures. The JPBM RepdReference
(1994) offers six guiding principles to assist faculty in the

mathematical sciences to work on each institution’s defioint Policy Board for Mathematics. ﬁ199_4laecognition
nition of the reward structure (pp. 28-38) and Rewards in the Mathematical Sciences. Report of

S > the Committee on Professional Recognitions and Re-
Anticipating the process of promotion and tenure re- wards Providence, RI: American Mathematics Soci-

view is one aspect of career planning and is best viewed inety.
that light. The supporting evidence in a file or dossier does
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