Subtraction in the United States: An Historical Perspective
Susan Ross and Mary Pratt-Cotter

When teaching subtraction with renaming, a great degdjorithm. These three algorithms are the primary ones
of time is initially spent on helping students understand thigat have been used in the United States since colonial
borrowing or renaming process. While the NCTM Cutimes. The names used here are the most common names
riculum and Evaluation Standards (NCTM, 1989) recorfound by the authors in textbooks and reports for the
mends decreased attention on computation, an emphagjgrithms.
on understanding the renaming process in subtraction The decomposition algorithm, the predominant algo-
should still be a part of elementary mathematics. Studefilsm used today, is also commonly known as the borrow-
need to be reminded that it is not the answer that isigg method. However, the tednorrow may be a misno-
important, but rather the processes used in finding ter since it suggests that something needs to be returned,
difference. Although the algorithm used to find thig/hich is not clearly seen in the decomposition algorithm.
difference with renaming may not reveal what happewhen this method was first introduced in the United States
with the minuend and subtrahend, this has not always beesund 1821 (Johnson, 1938), the woodrowwas used.
the case. The term appeared some years later (Osburn, 1927). An

What follows is a review of the historical developmergxample of decomposition is shown in figure 1:
of subtraction algorithms used in the United States. The
algorithms used to teach subtraction today have changgdHow many are 53 less 18:
very little since the 1940’s. However, significant changes
occurred during the late 1800’s and early 1900’s (Brownell, 53 =5tens + 3 units
1939; Brownell & Moser, 1949: Wilson, 1934). Different 18 =1ten + 8 units
algorithms were used and developed that had a majqgr
impact on the way subtraction is taught today, as will be
discussed later. By going back and exploring other algo
rithms, we may rediscover different ways of teaching 53 = 4 tens + 13 units
subtraction that might benefit some of today’s students. 18 = 1 ten + 8 units

Subtraction has been a part of mathematics sincé€s3 - 18 = 3 tens + 5 units = 35
before the time of the printed page. As societies evolved
there was an increased need for arithmetic skills. Algo- Figure 1.Johnson (1938)
rithms developed that represented the step by step process
taken to complete the operation. Procedures used by theThe equal additions algorithm can be traced back to the
Egyptians, Mayans, and Babylonians can be explorediteeenth and sixteenth centuries (Johnson, 1938). This
see the different methods used by various cultures (Kafigyorithm could also be called th®rrow and repay

We cannot take 8 units from 3 units; we therefore thke
one of the 5 tens and add it to the 3 units.

1993). method. The terrmorrowmore closely fits this algorithm
_ than the decomposition algorithm since, in this method, a
Algorithms power of ten is borrowed to add to the necessary place in

the minuend and repaid by adding to the digit in the next

Through the years, there have been many differgriace of the subtrahend. An example of this method is
procedures used to complete subtraction problems, thseewn in Figure 2:
of which will be discussed here: the decomposition algo
rithm, the equal additions algorithm, and the Austrian 6354
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will not affect the difference between the two numbers. A textbook from 1819 explained subtraction us-
Notice that although ten is added to both the minuend and the following rule:

subtrahend, itis the form it takes thatis so important. Inthe

minuend, ten is added to the 4 in the ones place, whereas 1. Place the less number under the greater,

it is added to the 7 in the tens place in the subtrahend. with units under units, tens under tens, etc.

The third algorithm, called the Austrian algorithm, is
also known as the additions method. It makes a more clear
connection between addition and subtraction than other
algorithms. An example is shown in figure 3:

2. Begin at the right hand and take the lower
figure from the one above it and - set the
difference down.

3. Ifthe figure in the lower line be greater than the
one above it, take the lower figure from 10 and
add the difference to the upper figure which
sum set down.

243 To subtract 87 from 243 say: "7 and 6 are 13; 9

-87 and5are 14;1 and 1 are 2;" or else say: "7 and
6are 13;8and5are 13; and 1 are 1,” the
former being the better.

] 4. When the lower figure is taken from 10 there
Figure 3 Johnson (1938) must be one added to the next lower figure.

(Willetts, p. 11).

Inthis method, the solution is found by directly relating
the answer to addition. The second explanation in the As can be seen, the explanation fits the equal additions
figure is the additive variety of the decomposition methoggorithm since ten is added to the minuend and also to the
while the first explanation is known as the Austrian alg@ybtrahend.
rithm. Instead of thinking of subtracting 7 from 13 to get  The following quote is from a handwritten manuscript
the answer, one thinks of what needs to be added to 7 tqgeld by a teacher around 1836. (An exact reference is not
13. This connects subtraction to addition through ﬁndirm]own as the cover was missing_ The manuscript is part of
the missing addend instead of focusing on the differengge private collection of James Wilson at The University of

lllustrated in Figure 4 is one of the earliest uses of tmgorgia_) In this manuscript, Simp|e subtraction was
Austrian algorithm in the United States, and was founddscribed as follows:
a textbook from 1902.
Place the least number under the greater so that units may
From 94,275 take 67,492. stand under units tens under tens and draw a line under
them 2 begin at the right hand and take each figure in the
94275 Thus:2and 3are 5;9 and 8are 17, carry  lower line from the figures above it and set down the

67492 1to 4 as in addition, making it 5, 5 anfl 7 remainder ¥ the lower figure is greater than that above
26783 are 12;carry 1to 7 making it 8; 8 and 6jare it add ten to the upper figuféalics added] from which
14; carry 1to 6 making it 7, 7 and 2 are|9. number so increased take the lower and set down the
remaindecarrying one to the next lower numbitalics
Figure 4. Wentworth & Smith (1902) added] with which proceed as before and so on till the

whole is finished proof add the remainder to the least

The top number is underlined in order to have the form number and if the sum be equal to the greater the workis
of inverted addition. While the explanation of the process "ght

is the Austrian method, the form of the problem is not

typical of the algorithm. In most textbook examples, the NOtice that no punctuation was used. As can be seen
line is usually drawn under the second number. In the italicized parts, the equal additions method is used to

teach subtraction. There was no explanation given to the
student as to why the method works or why using this
method will give the difference of two numbers. The

Textbooks from colonial America to the present Wei%idem was given the rule and a series of examples. The

Travel through time

explored to identify the rules and algorithms that wefk udentwas then given several problems to work, some of

used to explain subtraction. Decade after decade, ich involved renaming and some that did not.
predominant algorithm used was equal additions. Hoyv- The manuscript was more of a copybook than a text-
ever the decomposition and Austrian algorithms did aggok. The studentwould get the book from the teacher and
pear in some textbooks. What follows is a brief survey

the explanations and algorithms found in a variety
textbooks.

opy the problems onto his slate or paper and then work the
oblems. As a result, since the student did not have
continuous access to the book in order to reread the rule, he
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or she had to memorize the rule in order to complete the neath. If afigure in the minuend has a less value than the
assignment. This is quite different from books used today corresponding figure in the subtrahend, increase the
where the student has constant access to the textbook. former by ten, and subtract; then diminish by one the

Practical Arithmetic by Induction and Analy{Ray, units of the next higher order in the minuend, and
1857) also used defined rules. All of the rules for subtrac- ;‘;ggfijs ttc))zfgtr:érthe reminder and subtrahend. [fthe
tion are deve_loped n ‘."‘fe"" pages. BaS|_C subtraction factSresuIt is equal to the minuend, the work is correct.
such as 7-1 = 6 are given on one page in table form, then(M“ne, 1895, p. 47).

two pages later, subtraction with borrowing is defined and

examples given, as showninfigure 5. Thisis very different g ,ptraction with zeros was handled separately in this

from today where students are typically introduced 2,0k, The explanation given for the problem 9000 - 7685
basic facts in one grade level and then taught subtractipiycribes the decomposition method:

with renaming in a different grade. It may be two years
before these concepts are both presented as opposed to W8ince five units cannot be subtracted from 0 units, and

days. since there are no tens nor hundreds, 1 thousand must be
changed into hundreds, leaving 8 thousand; 1 of the
From 73 subtract 45 hundreds must be changed into tens, leaving 9 hundreds
and 1 of the tens into units, leaving 9 tens. The expres-
T.U. SOLUTION - Here, 5 units can not be sion 8 thousand, 9 hundreds, 9 tens, and 10 units is thus
73 taken from 3 units. Take 1 (ten) from the equivalent to the minuend, from which the units of the
45 7 (tens), and add this 1 (ten) or 10 upits subtrahend can be readily subtracted. (Milne, 1895, p.
Dif. 28 to the 3 units, which will make 13 units|in 49).
units place; then, subtract the 5 units, and
tens units  there will remain 8 units, to be putin urnits’ The books also differed in the number of exercises
6 13  place. Sinceltenis ta_kenfromthg?rns, given. Practical Arithmetic by Induction and Analysis
4 5 there remain 6 tens in the tens’ place. R,y 1857) provided approximately 35 problems for
2 8 Subt_ract 4 tens from 6 tens angl put| the practice with basic facts and for practice in using the two
remainder in tens’ place. The difference . . ope
of the two numbers is thus found to ba 2 me_thods of_subtractlon_. The book_dld not specifically state
tens and 8 units, or 28. which algorlt_hm to usein the practice pr_oblems. However,
Standard Arithmeti¢Milne, 1895) provided around 100

Figure 5. Ray (1857) E;?]b;?&s;im;[he same practice using only the decomposi-

As can be seen, the decomposition method is used afPuring the early to middle 1900's, examples could be
this point in the textbook. However, on the next pag@und where different textbooks used any combination of

subtraction is also defined using the equal additions methti¢ three different algorithms for teaching subtraction.
This is followed by problems to be worked using botHowever, the algorithms that were used did not show any
algorithms. It would be interesting to know if childrefnarking through or numbers being rewritten. The students
were confused by the two methods being presented"§g/€ €xpected to use mental calculations, writing only the
closely together. However, so far, no evidence has bégfulting difference. The written work illustrated the
found of such an investigation. It is also interesting th@gswer only. One such example is shown in Figure 6:
mental arithmetic was encouraged. “When numbers a
small, the difference between them may be ascertained jn723 Since we cannottake 7 from 3, we change one ¢fthe
the mind; when large, the operation is most easily pert 487 2tens.|n 72$to units. We then have 13 units - 7 linits
formed by writing them” (Ray, 1857, p. 28). 236 =6u1_1|§s. Smce we cannottake 8 tens from the ltgn
Standard ArithmetiqMilne, 1895) was structured remaining in 723, we change one of the hundreds in

. . . . 723 to tens. We then have 11 tens -8tens=3}ens.
similar to the text just described (Ray, 1857). Basic fact Since we have used 1 hundred ofthe 7 hundredk. we

1*2}

for subtraction are given immediately followed by ex- have 6 hundreds - 4 hundreds = 2 hundreds. There-
amples of subtraction problems requiring renaming. Howt fore the difference is 236.

ever, in this textbook, only the decomposition method is

used. The rule is stated as follows: Figure 6. Wentworth & Smith (1915)

Rule - Write the subtrahend under the minuend, units Al of this was to change. In November 1937, William
under units, tens under tens, etc. Begin at the right and A, Brownell conducted a study to determine if a “crutch”

subtract each figure of the subtrahend from the corre- i, the algorithm of subtraction problems was beneficial.
sponding figure of the minuend, writing the result be-
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The crutch involved marking through numerals from whiadlemember as much. It would make the work too easy, and
an amount was borrowed in order to keep track of thee students would notlearn as much. Also, students using
different steps when working a problem. Only one e#ie crutch would not understand the process of subtraction.
ample was found, from a text published in 1857, whelfeom a present day standpoint, these arguments could still
markings were used to keep track of the renaming procdssmade. In particular, students may be able to accurately
This was done in only one problem in the text, with atomplete the subtraction algorithm without fully under-
other problems worked without any markings. Brownedtanding the process of subtraction. One could counter by
did notindicate that he had knowledge of this example, astdting that the standardization of the crutch helped re-
claimed the crutch was his own. There was no evidemeve some of the memorization that had been necessary
found that indicated the crutch was being used whand helped students work the problem more swiftly and
Brownell conducted his research on its effectiveness, smibre accurately.

is reasonable to assume that the crutch was his ownlt is interesting to note how quickly and thoroughly
invention. The crutch was used on decomposition prddrownell’s crutch, used in the decomposition algorithm,
lems, as illustrated in Figure 7. became the primary algorithm used for subtraction. This
could possibly be because of the ease with which the crutch
7  The child will be allowed to mark through the eight could be modeled using manipulatives, or because of the
86 and place seven above itin order to keep track of the decreased emphasis on memorization. It is not clear why
39 borrowing instead of having to remember the the crutch caught on so quickly. Almost every textbook
47 process through the entire problem. seen after his report used the altered decomposition algo-
rithm. The equal additions algorithm and the Austrian
algorithm all but disappeared from textbooks. The ex-

, _ amples in figures 9-15 (at end of article) were found in
Brownell's study found that, in general, the crutch wag, 1, 0ks published in different decades. The examples

beneficial to the students using it. The students using Fm‘?strate the widespread use of Brownell’s crutch
crutch were more accurate in the early stages as well as the

late stages of learning to borrow. Their_ speed in Worki'&ntroversy
the problems was better at the beginning of the study as
compared to the students not using the crutch. Toward the,

. . uring the early 1900's, there was a dispute among
end of the study, there was not as much difference in sp Yathematics educators over which subtraction algorithm

between the students using the crutch and those not USNG <o in the elementary schools. There were several
the'l(':l’r:ijsf((::rr]ﬁtch cauahtonvery auickly. as can be seen fr studies conducted to try to determine if one algorithm was
g ya Y, BBtter than another. In 1913, the board of education for

the example in figure 8: New York City, and in 1919, the board of education for San

Figure 7. Brownell (1939)

Francisco both mandated the use of the Austrian method
'; 11 12 for teaching subtraction. It is not clez?lr how effective the
6 5 2 minuend mandates were. Many teachers continued to use methods
-4 86 subtrahend other than the Austrian method, and those that did use it did
166 difference not show significant improvement in their students’ per-
formance. One study found that only a little more than one
Figure 8. Buswell, Brownell, & John (1947) third of the children in New York City used the “sanc-

tioned” method (Osburn, 1927, p. 241).
From then on, most textbooks used the decomposition Other studies were also conducted. In 1914, before the

method for describing borrowing in subtraction, and ti@troduction of the crutch, P. B. Ballard conducted an
use of the crutch described by Brownell became veg¥Periment in England exploring the three algorithms.
popular. Today this method of subtraction is used in mé&sllard found that the equal additions method was superior
textbooks that teaches subtraction. While some textbodkéhe decomposition method (Osburn, 1927). Similarly,
may present alternative algorithms for subtraction, tHe1918, W. W. McClelland compared the equal additions
decomposition a|gorithm is considered the primary a|ga'leth0d and the decomposition method and concluded that
rithm in the United States.

Regardless of the popularity of the new form of the the complete resultoft.he compari§on of the two methods
decomposition algorithm, there was some debate over itsMY thus be summarized by saying that the method of
use. One argumentwas that the crutch would be detrimen-equal ad.qlnons appears superiorin S.peEd' accuracy, and
tal to students because they would not be required to adaptability to new conditions, while the method of
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decomposition is superior in speed after long practice. The arguments in favor of the direct method are (1) that
(Osburn, 1927, p. 239) it forms a true association with the real meaning of
subtraction, (2) that it keeps the process of subtraction
Also, a study by Johnson (1938) found that the decom- separate and distinct from the process of addition, (3)
position method was not as successful as the other methhat borrowing is more easily rationalized than carrying,
ods. Again, this study was conducted before the introduc- (4) that fractions are more easily subtracted by the direct
tion of the crutch. Itisinteresting to note thatin spite of all method than by th.e additive method. The arguments in
the early studies, a nationwide survey conducted by Guy favor of the additive method are (1) that it provide
. ' . 4 economy of learning because the bonds are so similar to
M. Wilson (1934) found that the decomposition algorithm

] those that were used in addition, (2) that it gives no
was used two and a half times as often as the equalspecial difficulty when there are successive zeros in the

additions algorithm. minuend, as does the direct method. (Clark et al., 1939,
p. 23)
Preservice Education
The methods books used for the teaching of elementary
In a textbook for preservice teacher education, Morté@achers also made a change during the five to ten years
(1927) discussed the three different algorithms and gafeer Brownell's crutch was introduced. Treaching
advantages and disadvantages for each. While not addmthmetic for Understandingl958), the decomposition
cating one method over the other, he did indicate a persanathod and the equal addition method were taught. The
inclination for the decomposition method. His recommentudents were told that the decomposition method is the
dation to prospective teachers reading his book was onenafst common method in use but that they should be aware
laissez-fairedo not attempt to change what the majority af both. The algorithms for the two methods are described
the people use in the school where you teach. Exampleig marks to illustrate action taken in the algorithm.
given in his book used the decomposition method.  Figure 14 illustrates the decomposition method and Figure
On the other hand, Stone (1925) strongly recorh5 illustrates the equal additions method (the earliest
mended the additive approach, or the Austrian algorithexample of this method found by the authors).
to subtraction in his book to preservice teachers. In In contrast, Eicholz, O’'Daffer, Brumfiel, & Shanks
reference to the problem 82 - 27 = 55, he explained: (1964), published a methods book in which they did not
mention the equal additions method. The decomposition
Since 2 is less than 7, take 1 of the 8, making 1 ten and method was described in detail and Brownell’s crutch was
20r12. 7and5are 12, write 5. Since 1 of the 8 has beenseen in the algorithm.
taken, 7 remain. 2and 5are 7, write 5. ~In the 1960's, the School Mathematics Study Group
Thus itis seen that the method shown here is a combi- i, plished a textbook series for the elementary grades,
qatl?n of both the “taking-away” method and the *addi- where the focus was on the use of place value. Numbers
tion” method. No teacher can hope to teach such a . . .
were written in expanded form and used to explain the

method successfully or to develop much skill when . . .
using it. The pupil should be taught to think, “7 and 5 are subtraction process and algorithm. When subtraction

12, write 5; 1 to carry and 2 are 3, and 5 are 8, write 5.” requiring regrouping is first introduced, an abacus is used
(pp. 96-97) to illustrate the renaming along with writing the number in

expanded form. This process was then very quickly

Stone strongly preferred the additive method over teBortened into the algorithm using the crutch. Very little
decomposition method. Note that both Stone (1925) aaetual change was made in teaching subtraction in spite of
Morton (1927) were published around the same time, dhé¢ emphasis on place value. The decomposition algo-
yet there is a difference in the recommendations maderitgm was still utilized.
the authors. This is not necessarily surprising given that all The algorithms and language used to describe subtrac-
three algorithms were being used in textbooks at this tinien have changed since colonial times. One of the most

The debate continued into the 1930’s. Clark, Otis, aftamatic changes in algorithms seen in this century was
Hatton (1939) gave two methods of subtraction. THiee introduction of Brownell’s crutch. This new version of
decomposition method was named the direct method dhel decomposition algorithm has so completely dominated
the equal additions method was named the additive mettibé. field that it is rare to see any other algorithm used to
However, the argument for the two methods were familidg@ach subtraction today.
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Figure 9 Wheat & Heard (1959)

Figure 10 Buswell, Brownell, & Sauble (1963)

Figure 11. Eicholz, O’Daffer, Brumfiel, & Shanks (1964)

Figure 12 Eicholz, O’Daffer, & Fleenor (1981)
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Figure 13. Vogel, et al. (1981)

Figure 14 Marks, Purdy, & Kinney (1958)

Figure 15. Marks, Purdy, & Kinney (1958)
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